Abstract. In this paper, we introduce a new notion of biprojectivity, called Connes-biprojective, for dual Banach algebras. We study the relation between this new notion to Connes-amenability and we show that, for a given dual Banach algebra A, it is Connesamenable if and only if A is Connes-biprojective and has a bounded approximate identity.
Introduction and Preliminaries
Let A be a Banach algebra and let A⊗A be the projective tensor product of A with itself, which is a Banach A-bimodule for the usual left and right operations with respect to A. Let π : A⊗A → A denote the algebra multiplication in A, defined by π(a ⊗ b) = ab (a, b ∈ A) and extended by linearity and continuity. Let π * : A * → (A⊗A) * be the adjoint map of π, where A * is the topological dual of A. In the Helemskii's Banach homology setting, there are two important notions related to that one of (Johnson's) amenability for Banach algebras. These are projectivity and flatness. A Banach algebra A is called biprojective if π is a retraction, which is to say, there is a bounded A-bimodule homomorphism ρ : A → A⊗A such that π • ρ = id A . Similarly, A Banach algebra A is called biflat if π * is a coretraction; that is, if there is a bounded A-bimodule homomorphism γ : (A⊗A) * → A * such that γ • π * = id A * [5, section VII]. Then we have that a Banach algebra A is amenable if and only if A is biflat and has a bounded approximate identity; see [9, Proposition 4.3 .23 and Exercise 4.3.15] or [5, Theorem VII.2.20] . Clearly, every biprojective Banach algebra is biflat -the converse is generally not true-and, as a consequence, every biprojective Banach algebra with a bounded approximate identity is amenable.
Another important characterization of amenability involving the map π : A⊗A → A is that A is amenable if and only if there is a virtual diagonal for A.
The class of dual Banach algebras was introduced by V. Runde (2001) . Examples of these algebras include von Neumann algebras, the measure algebras M(G) of a locally compact groups G, the algebra of bounded operators B(H), for a Hilbert space or a reflexive Banach space H, the bidual Banach algebra A * * for an Arens regular algebras A.
The [1] , [2] and [3] ).
It is possible to characterize Connes-amenability for dual Banach algebras in terms of virtual diagonals. Let A be a dual Banach algebra. For a given A-bimodule E, let σW C(E) denote the closed submodule of E of all elements x such that the mappings A → E; a → a · x and a → x · a are σ(A, A * ) − σ(E, E * )-continuous. Then A * ⊆ σW C((A⊗A) * ), from which it follows that π * maps A * into σW C((A⊗A) * ). Hence, π * * drops to an A-bimodule homomorphism π σW C : σW C((A⊗A)
is called a σW C-virtual diagonal for A. Then, a dual Banach algebra A is Connes-amenable if and only if there exists a σW C-virtual diagonal for A (Runde, 2004) . It is natural to look for a suitable (Helemskii's) homological analogue of biprojectivity, in the setting of dual Banach algebras, that fit well with Connes-amenability.
In this paper, we introduce an analogue of biprojectivity, called Connes-biprojective, and we study its homological properties and we show that how this concept deals with Connes-amenability.
The organisation of this paper is as follows. We introduce a suitable notion of Connes-biprojectivity in the setting of dual Banach algebras. We show that a dual Banach algebra is Connes-amenable if and only if it is Connes-biprojective and has a bounded approximate identity (identity, indeed). We prove that if an Arens regular Banach algebra A is biprojective, then the bidual Banach algebra A * * is Connesbiprojective.
Given a Banach algebra A and a Banach A-bimodule E, the topological dual space E * of E is a Banach A-bimodule with actions Although a predual may not be unique, we can recognize it from the context. In particular, we may speak of the weak* topology on A without ambiguity. The set of all normal elements in E is denoted by E σ . We say that E is normal if E = E σ . It is easy to see that E σ is a norm-closed submodule of E. However, there is no need for E σ to be weak*-closed.
For a given dual Banach algebra A and a Banach A-bimodule E, it is easy to see that σW C(E) is a closed A-submodule of E and so E is canonically mapped into σW C(E * ) * . If F is another Banach A-bimodule and if ψ : E → F is a bounded A-bimodule homomorphism, then ψ(σW C(E)) ⊆ σW C(F ) holds. Runde in [8, Proposition 4.4] showed that E = σW C(E) if and only if E * is normal Banach A-bimodule, and therefore for any Banach A-bimodule E, the dual module σW C(E * ) is normal. Recall that for a Banach algebra A and a Banach A-bimodule E, a bounded linear map 
Connes-biprojective dual Banach algebras
As mentioned in the introduction, the concept of biprojectivity is important in the Helemskii's Banach homology and is closely related to Johnson's amenability. In this section we define a suitable analogue of Helemskii's homological-type concept to deal with dual Banach algebras, called Connes-biprojectivity and we show that this concept is closely related to Connes-amenability. Definition 2.1. Let A be a dual Banach algebra. Then A is called
Connes-biprojective if there exists a bounded
In the following theorem, we determine the relation between Connesbiprojectivity and Connes-amenability. 
It is easy to see that π σW C • ρ = id A . Note that since A is Connes-amenable, it has an identity, equivalently, a bounded approximate identity. Conversely, suppose that A is Connes-biprojective and has a bounded approximate identity (e α ) α . Then there exists a bounded A-bimodule
and
* , it has a weak* limit point, say M. It is easy to see that M is a σW C-virtual diagonal for A, so that A is Connes-amenable.
* is a co-retraction and so π * | A * : A * → σW C((A⊗A) * ) is a coretraction again. This means that π σW C : (σW C(A⊗A) * ) * → A is a retraction, that is, A is Connes-biprojective.
By the previous example, every biprojective dual Banach algebra is Connes-biprojective. In the following example we see that the converse is false in general. Clearly, every Connes-amenable Banach algebra is Connes-biprojective. Here we give two examples of Connes-biprojective dual Banach algebras, which are not Connes-amenable. Example 2.5. Let S be a discrete semigroup and let ℓ 1 (S) be its semigroup algebra. Let A = ℓ 1 (S) * . If φ is a character on c 0 (S), then there exists a unique extension of φ on c 0 (S) * * , (which is denoted bỹ φ) and defined byφ
φ is a multiplicative map because, for every F, G ∈ A,
Now we define a new multiplication on A by
With this multiplication, A becomes a Banach algebra which is a dual Banach space. We denote this algebra by A φ . We define a map ρ : A φ → A φ⊗ A φ by ρ(a) = x 0 ⊗ a, where a ∈ A φ and x 0 is an element in A φ such thatφ(x 0 ) = 1. It is easy to see that ρ is a bounded A φ -bimodule homomorphism and π A φ • ρ(a) = a for each a ∈ A φ . Hence A φ is a biprojective Banach algebra. If we show that A φ is a dual Banach algebra, then by Example 2.3 A φ is Connes-biprojective. It is enough to show that the multiplication in A φ is separately w * -continuous. Suppose b ∈ A is a fixed element. Let a ∈ A and (a α ) ⊆ A be such that a α → a in the w * -topology. For each f ∈ ℓ 1 (S) ∼ = c 0 (S) * , we have a α (f ) → a(f ) as α → ∞. Since the character space of c 0 (S) lies in ℓ 1 (S), so the last statement is also true for f = φ, where φ is the corresponding functional tõ φ. Hence, a α (φ) → a(φ) as α → ∞, which implies thatφ(a α ) → φ(a) as α → ∞. Thenφ(a α )b →φ(a)b. Now suppose that (b α ) is a net in A φ such that b α → b as α → ∞ in the w * -topology. It is easy to see thatφ(a)b α →φ(a)b in the w * -topology, for every a ∈ A φ . Hence A φ is a dual Banach algebra. Now if A φ is Connes-amenable, then A φ has an identity, so dim A = 1, (because for each a ∈ A we have a = ae =φ(a)e, where e is an identity of A φ ), hence a contradiction reveals. Example 2.6. Consider A = 0 C 0 C with usual matrix multiplication and L 1 -norm. Since A is finite dimensional, it is a dual Banach algebra. Clearly A has a right identity but it does not have an identity, so it is not Connes-amenable. We define a map ζ The next theorem shows that how Connes-biprojectivity deals with homomorphisms. 
, can be extended to a bounded linear map θ⊗θ : A⊗A → B⊗B. It is readily seen that, for every a, b, c ∈ A,
where "·" is the action of A on A⊗A and "•" is the action of B on B⊗B inherited by θ. Also, consider the canonical map ı : B⊗B → σW C((B⊗B) * ) * , which is norm continuous with weak* dense range.
(i) Suppose that A is biprojective. Then there is an A-bimodule
Then ζ is bounded, and for every a, a ′ ∈ A we have
For every b ∈ B, by assumption, there exists a bounded net (a α ) ⊆ A such that θ(a α ) → b in the weak* topology. Since ζ is bounded, (ζ(a α )) α has a weak* accumulation point by Banach-Alaoglu theorem. Passing to a subnet (if it is necessary), w * − lim α ζ(a α ) exists. Thus, we can extend ζ to a weak* continuous map
. We need to verify that ρ B is welldefined. For this, it is enough to show that w * − lim α ζ(a α ) = 0 in σW C((B⊗B) * ) * , whenever w * − lim α θ(a α ) = 0 in B. If λ ∈ A * , then by assumption, there is a ϕ ∈ B * such that θ * | B * (ϕ) = λ. Now we have
Hence a α → 0 in the weak topology of A. Since ζ is weak-weak* continuous, we conclude that ζ(a α ) → 0 in the weak* topology.
Suppose that b and b ′ ∈ B. Then there exist two nets (a α ) and
′ in the weak* topology. By the equation (2.1), and by the weak* continuity of the action of B we have, ρ B (bb
is a B-bimodule homomorphism. Finally, we prove that π
Observe that for the elementary tensor element a ⊗ a ′ ∈ A⊗A we have
Thus for every a ∈ A,
Now let b ∈ B and take a net (a α ) ⊆ A such that θ(a α ) → b in the weak*-topology. Then, by the equation (2.2), we have
(ii) Suppose that A is dual and Connes-biprojective. Then there is an A-bimodule homomorphism ρ
* which is an A-bimodule map. We conclude that (θ⊗θ)
* maps σW C(B⊗B) * into σW C(A⊗A) * . Consequently, we obtain a weak* continuous map
Now, we define a map ζ : A → σW C((B⊗B) * ) * given by ζ(a) = ϕ • ρ A (a), for every a ∈ A. Since ϕ and ρ A are weak* continuous, so is ζ and since θ is weak* continuous and weak* dense range, ζ extends to a weak* continuous map ρ B : B → σW C((B⊗B) * )
* . An argument similar to (i) shows that ρ B is a B-bimodule homomorphism. Let a ⊗ a ′ ∈ A⊗A. Since the map ϕ is the double transpose of θ⊗θ, we have
Thus by linearity and continuity and by the hypothesis, for every a ∈ A, we have
so that the following diagram is commutative;
Since the range of θ is dense, by (2.3) we have π
Hence B is Connes-biprojective.
Given a Banach algebra A, we may define bilinear maps A * * × A * → A * and A * × A * * → A * given by (Φ, µ) → Φ · µ and (µ, Φ) → µ · Φ, respectively, where for every Φ ∈ A * * , µ ∈ A * and a ∈ A
We define two bilinear maps , ♦ : A * * ×A * * → A * * given by (Φ, Ψ) → Φ Ψ and (Φ, Ψ) → Φ♦Ψ, where for every Φ, Ψ ∈ A * * and µ ∈ A *
One can check that and ♦ are actually algebra products, called the first and the second Arens products, respectively. If for every Φ, Ψ ∈ A * * we have Φ Ψ = Φ♦Ψ, then we say that A is Arens regular. It is well-known that if A is an Arens regular Banach algebra, then A * * , the bidual of A, is a dual Banach algebra with predual A * (see [8] for more details). 
(i).
If A is a dual Banach algebra and I is a weak*-closed ideal of A, then I is a dual Banach algebra with predual I * = A * /I ⊥ . To see this, we have (I * )
Since the multiplication in A is separately weak* continuous, a simple verification shows that the multiplication on A/I is separately weak* continuous, so A/I is also a dual Banach algebra. Proof. Since A is Connes-biprojective, the map π σW C : σW C((A⊗A) * ) * → A is a retraction, so there exists a bounded A-bimodule homomorphism ρ : A → σW C((A⊗A) * ) * as a right inverse of π σW C . Let q : A → A/I be the quotient map. Then the map id⊗q : A⊗A → A⊗(A/I) is a bounded A-bimodule homomorphism, so is (id⊗q) * : (A⊗(A/I)) * → (A⊗A) * . Thus (id⊗q) * maps σW C((A⊗(A/I)) * ) into σW C((A⊗A) * ), therefore we obtain an Abimodule homomorphism ((id⊗q) * | σW C(A⊗A) * ) * : σW C((A⊗A) * ) * → σW C((A⊗(A/I)) * ) * .
Composing this map with ρ, we obtain the map 
